ABSTRACT. A systematic approach is developed for enumerating congruence classes of 2-cell imbeddings of connected graphs on closed orientable 2-manifolds. The method is applied to the wheel graphs and to the complete graphs. Congruence class genus polynomials and congruence class imbedding polynomials are introduced, to summarize important information refining the enumeration.
rotations give rise to maps (that is, 2-cell imbeddings) which are clearly different: perhaps the genera differ, or the sizes of the regions differ where the genera agree. Other differences may be more subtle. Or perhaps the two maps are essentially alike: one is merely a relabelling of the other. The equivalence relation on R(G) which makes this distinction is defined as follows. Two rotations p,a G R(G) are equivalent if there is an automorphism a G AutG so that apva~l = aa(v), for all v G V(G); the common domain for these two permutations is a(N(v)) = N(a(v)).
(This familiar variety of algebraic equivalence was previously studied for graph rotations by Biggs [1] ; see also Chapter 5 of Biggs and White [2] .) Then a map automorphism for M = (G, p) is a graph automorphism for G giving p equivalent to itself, and AutM = Aut(G,p) = {a G AutG\apva~1 = parv), Vw G V(G)}. We observe that such an a preserves adjacency (as a graph automorphism) and oriented region boundaries (as a map automorphism).
Our task is to count the set of equivalence classes of rotations for G; that is, the set C(G) of congruence classes of imbeddings of G. (Thus, the equivalence of two rotations for G induces a congruence between the corresponding imbeddings for which the isomorphism of labelled image graphs preserves labels and the autohomeomorphism of the ambient surface is orientation preserving.) To apply the permutation group theory of the next section, we regard AutG as acting on R(G) as follows: let p = {pv}vev(G) S R(G), and a G AutG; then
for some a G R(G). see Figure lb is the "mirror image" of (K4,p), and the two maps are equivalent (and the corresponding imbeddings are congruent) under a.
2. The basic tool. As indicated above, we let AutG act on the set R(G) of rotations for G. Fix p G /2(G), and let M -(G, p). PROOF. This is just Burnside's Lemma for the present context. D We illustrate these two theorems for G = K4 (continuing the example of the previous section; in fact, we sustain this example throughout this paper. The calculations and the figures below also appear in [2] ). We first observe that \R(K4)\ = 24 -16. For M = (K4,p) as given in Figure la Figure 2 To classify all sixteen rotations for K4 we note that |.F(a)| is constant on each conjugacy class of S4\ we obtain, by ad hoc methods for the time being, Figure 1) ; the other two are toroidal see Figure 2 . In Figure 2a the torus is divided into a square and an octagon, with AutM = Z4; thus there are 24/4 = 6 maps in this class. Figure 2b divides the torus into a triangle and a nonagon, with AutM = Z3\ thus there are 24/3 = 8 maps in this class.
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Looking at Table 1 , we observe the following: (i) If an automorphism of K4 fixes more than one vertex, then it fixes no rotations unless it is the identity-in which case it fixes them all.
(ii) Each graph automorphism which fixes at least one rotation either has all cycles or all but one of uniform length, and in the latter case the exception is a singleton (corresponding to the fixed vertex).
These two properties generalize, as we establish in the next section.
3. Main results. The determination of |G(G)| using Theorem 2 is greatly simplified with the following observations. First, we need not consider each permutation in AutG individually, since |.F(£*)| is constant on every conjugacy class, and in many cases is in fact zero. Second, the value of |F(a)| is readily computable from the cycle type of the permutation a. These observations are formalized in the theorems below. Since the choices on the orbits are independent the result follows. D To illustrate, consider the automorphism a = (12)(34) of K4. Choose S = {1,3} as the set of orbit representatives.
Each orbit has length 2, so that |.Fi (a^1))! = |Fi(a2)| = |Fi (identity)| = 2, since there are two possible rotations at 1, both fixed by the identity under conjugation.
(Each of these forces the rotation of 2.) The same result follows for 3 and we have l-FXa)! = 2 • 2 = 4 as indicated in Table 1 .
In the above example it happened that a1^ was the identity, so that Fv(a1^) contained all the rotations at v. Although it cannot be expected that this is always the case, the next theorem shows that it is nevertheless not too difficult to determine \Fv(al^)\ in general. In fact, the value is zero unless the permutation a1p artitions the set of neighbors of v into orbits having the same length.
In what follows, the cycle type of a permutation of an n-set is the n-tuple whose fcth entry is the number of fc-cycles present in the disjoint cycle representation of To determine the number of n-cycles fixed by a permutation of the above type, let J be the set of n\/(dnfd(n/d)\) permutations of X with cycle type (0,..., 0, j¿ -n/d, 0,..., 0) and G the set of (n -1)! cyclic permutations of X. For each 7 G J, let C1 denote those members of G fixed by 7 under conjugation and note that no element of J is distinguished over any other, so that each C1 has the same cardinality, the number desired. Denote this common value by c; then J2\G,\=c-\J\. Hence, |F(a)| = 2 • 2 = 4, as shown in Table 1 .
Applications of the general theory.
To illustrate the use of these results, we first consider that class of graphs known as wheels. A wheel onn+1 vertices, Wn+i, consists of an n-cycle of vertices, each joined to a central vertex. If n > 4, then Aut Wn+i is the dihedral group Dn of order 2n. Let Table 2 , we give the first few values, for this counting function. Now consider the complete graph on n vertices, Kn. The automorphism group of Kn is the full symmetric group Sn. Since any two distinct vertices of Kn are adjacent, it follows from Theorem 3 that only those automorphisms which fix 0,1, or all of the vertices need to be considered. 
Performing a few simplifications, we present the following counting theorem
In Table 3 , we give the first few values of this function. lim ,
Now ^2d\n ^id) -m f°r every positive integer m (see Rosen [4] , for example); thus we can estimate
In both fractions the denominators will clearly dominate, and the result follows. O 
